Almost-dispersionless pulse transfer between the extremal masses of a uniform harmonic springmass chain of arbitrary length can be induced by suitably modifying two masses and their spring's elastic constant at both extrema of the chain. It is shown that a deviation (or a pulse) imposed to the first mass gives rise to a wave packet that, after a time of the order of the chain length, almost perfectly reproduces the same deviation (pulse) at the opposite end, with an amplitude loss that is as small as 1.3 % in the infinite-length limit; such a dynamics can continue back and forth again for several times before dispersion cleared the effect. The underlying coherence mechanism is that the initial condition excites a bunch of normal modes with almost equal frequency spacing. This constitutes a possible mechanism for efficient energy transfer, e.g., in nanofabricated structures.
I. INTRODUCTION
Newton's cradle is a toy that seems to have a perfect behavior, explained in terms of the conservation of energy and momentum in the pairwise elastic collision of equal spheres. However, such a naïve theory only holds for two spheres: For many spheres the underlying physics is complicated and needs a detailed analysis of the collision mechanism. For instance, observation gives the impression that the internal spheres do not move, so one could imagine that gluing them together would not affect the cradle. This is in contrast with the conservation laws, for only a fraction of the momentum would be transferred from the first colliding sphere; in any case, why Newton's cradle works, as it indeed does, is a well settled issue [1] [2] [3] .
In this paper a different system is considered, namely a chain of N masses connected by elastic massless springs, such as that shown in Fig. 1 , looking for the possibility that it behaved in an analogous way, by this meaning that an initial "pulse" located on the first mass travels along the chain and reaches the last mass yielding a mirror image of the initial configuration. This requirement is far from trivial. The simplest choice, namely a uniform chain with identical masses and identical springs, must be ruled out, since it is easily proven that it cannot coherently transfer a pulse between its ends [4] . Indeed, only if the frequencies of the normal modes involved in the dynamics had a greatest common divisor, i.e., they were integer multiples of a finite frequency δω ≡ π/T , then after a time 2T the system would be exactly back to the initial configuration and (provided the chain be mirror symmetric) at T the initial pulse would be found at the opposite end. The uniform chain does not possess the above requisite, because its frequencies ω n ∝ sin(cn), with c constant and n integer, cannot have a common divisor: An initial pulse would undergo dispersion giving rise to a seemingly chaotic dynamics. * Electronic address: ruggero.vaia@isc.cnr.it
FIG. 1:
A perfect cradle with a 4-mass chain. The first and fourth masses are 5/3 of the internal ones, while the external springs' constants are 5/6 of the internal one: This setup yields perfect end-to-end transmission (see Sec. II C). The auxiliary (green) external masses, equal to the first and last ones, behave just like in a Newton's cradle, except for the finite transmission time. In Sec. V it is shown that chains of arbitrary length can behave almost in the same way if the extremal mass and spring values are chosen according to Table II.
In order to achieve dispersionless pulse transmission, most studies have been considering nonlinear chains: A uniform array with suitable anharmonic terms can indeed support the propagation of localized wave packets, sometimes dubbed breathers [4] [5] [6] . However, the goal of coherent transmission can be attained without invoking nonlinearity but rather allowing for a slight modification from uniformity. An optimal choice of the two masses and of the spring between them at both chain ends results in an almost-coherent dynamics, with the initial pulse traveling along the uniform bulk of the chain and reconstructing itself with high fidelity at the opposite end, thereafter bouncing back and forth many times, just as the Newton cradle does, with the difference that propagation along the chain takes a finite time, proportional to its length. The optimal masses and spring values depend on N , but, remarkably, the transmission quality is almost independent of N : Beyond N ∼ 60 it even arXiv:1804.07489v1 [physics.class-ph] 20 Apr 2018 improves for increasing N . For N → ∞ the optimized parameters can be studied analytically, showing that the amplitude loss on transmission tends to 1.28%, a result confirmed by a numerical approach, necessary for finite N . Among many experimental papers, Ref. 7 considers a setup, involving an ion chain which is kicked at one end, that is quite similar to the model studied here. In this experiment it appears that the chain is well isolated from the environment, so that friction can be assumed to be negligible.
The classical spring-mass chain can be realized in alternative ways, such as a sequence of bars or disks connected by torsion wires, or an electrical circuit with capacitors and inductances, where the role of the masses is played by the moments of inertia or by the inductances, respectively.
In Sec. II the spring-mass chain model is presented and described in terms of dimensionless parameters; the transmission amplitude is introduced as the relevant quality factor, which can be maximized to 100 % in the analytically solvable cases with N ≤ 5. A general analytical approach to the normal modes of the quasiuniform chain for any N is used in Sec. III to evaluate the main ingredient for calculating the transmission amplitude, namely the mode density describing how much the different normal modes are excited by the initial pulse. In Sec. IV the behavior of the optimized parameters is studied when varying one extremal mass only, while in Sec. V the transmission is shown to be strongly improved by optimizing two extremal masses and their connecting spring. Sec. VI contains a summary of the achievements and suggestions for possible applications.
II. TRANSMISSION IN THE SPRING-MASS CHAIN

A. The model
Consider a chain of masses connected by springs whose Hamiltonian reads
with Q 0 = Q N +1 = 0, i.e., the extremal springs K 01 and K N,N +1 connect each one of the masses m 1 and m N to a fixed point, say a "wall". Performing the canonical transformation to mass-weighted variables, P i = p i √ m i and Q i = q i / √ m i , the Hamiltonian turns into
where m and K are the "typical" mass and elastic constant, and the dimensionless N ×N matrix B is symmetric and tridiagonal,
and its elements are
The chain is assumed to be mirror symmetric, i.e., the transformation i → N +1−i is a symmetry,
or B ij = B N +1−i,N +1−j , and, more importantly, the bulk of the chain is assumed to be uniform, i.e., the elastic constants and the masses are all equal to the typical values, except for a few ones at the endpoints: In particular, only the first (and last) two masses, m 1 = m N and m 2 = m N −1 , as well as the springs attached to m 1 and m N , K 01 = K N,N +1 and K 12 = K N −1,N , can differ from the typical values, while
The bulk elements of B are then B ii = 2 and B i,i±1 = −1; it is more convenient to deal with the matrix A ≡ 2 − B, which has a vanishing bulk diagonal,
The advantage of considering an almost-uniform chain is that the diagonalization of the quasiuniform matrix A(x, y, z) can be analytically afforded [8, 9] . When writing the matrix A in the form (7) a further constraint has been implicitly imposed, namely that A 22 be vanishing: Indeed, the four nonuniform parameters m 1 , m 2 , K 01 , and K 12 are determined by three dimensionless variables x, y, and z. By comparing with the matrix elements B 23 , B 22 , B 12 , and B 11 in Eq. (3) one has
the second equality expressing the constraint mentioned above. There will be no ambiguity if, from now on, one assumes the typical values as measure units (equivalent to setting m = 1 and K = 1), so the time unit is m/K. The physical parameters can be expressed in terms of the variables (x, y, z):
(9) Since these physical parameters have to be positive, the possible values of the variables have constraints:
Note that if x 2 > 2 (2−y 2 ), then z has to be negative. When z = z 0 the chain-wall elastic constant K 01 vanishes and the chain is isolated or free. In order that all elastic constants be equal, it is necessary that y = 1 and that z = 2(1−x 2 ). The chain has two different uniform limits, both with equal masses and equal internal elastic constants:
namely, the chain without or with the spring connecting to the external walls, K 01 = 0 or 1; in the first case the chain has to have a zero-frequency (Goldstone) mode.
Let U = {U ni } be the orthogonal matrix that diagonalizes A (and, of course, also B = 2 − A),
Then, the diagonal form of the Hamiltonian (2) reads
with the eigenfrequencies
and the normal-mode coordinates and momenta
For given initial conditions q(0) = x andq(0) = v, the chain dynamics is a superposition of the motions of the normal-modes,
where x n and v n are the normal-mode initial values obtained as in Eq. (14).
B. Transmission amplitude
The goal is to start from a static configuration where only the first mass is displaced, q(0) = (x 1 , 0, 0, . . . , 0), and to look for values of the chain parameters (9) such that the dynamics leads in a certain time t * as close as possible to the mirror-symmetric configuration q(t * ) = (0, 0, 0, . . . , x 1 ). With these initial conditions Eq. (15) becomes
Now, one can use an interesting property [10] arising from the mirror symmetry of the matrix A: Assuming that the eigenvalues {λ 1 , λ 2 , . . . , λ N } are chosen in decreasing order [11] , it tells that U nN = (−) n−1 U n1 = U n1 cos[π(n−1)]. This gives, for the last mass in the array,
where the transmission amplitude
has been defined. The positive numbers
satisfying n P n = 1 by the orthogonality of U , can be considered a probability distribution that can be dubbed the mode density, since they weigh the contribution to α N (t) from each normal mode. The transmission amplitude has the form of the average over the mode density of time-dependent phase factors. The difference δ N (t) = 1 − α N (t) will be dubbed the transmission loss. Zero loss corresponds to perfect transmission and can only occur at some time instant t * if all phases are coherent, i.e., they are equal or differ by integer multiples of 2π. For instance, if the eigenfrequencies were equally spaced, say ω n = δω (n−1), one would have
and at the time t * = π/δω (and odd multiples of it) there would be perfect response, α N (t * ) = 1, i.e., the starting elongation would be fully reproduced at the time t * in the opposite end of the chain. Such ideal behavior is however almost impossible in any discrete array, as the frequencies are not equally spaced and the normal modes will not superpose coherently: This is the phenomenon of dispersion. Nevertheless, the parameters (x, y, z) can be tuned in such a way as to get α N (t * N ) quite close to 1 at some time t travels at constant velocity along the chain and gives rise to the elongation of the last mass; in the further evolution the wave packet comes back to the first mass, and so on, like in a Newton cradle.
One can also imagine a different initial situation, starting from the equilibrium configuration q(0) = 0, but with a momentum given to the first mass, e.g., by an instantaneous collision, so thatq(0) = (v 1 , 0, . . . , 0), which is the case experimentally studied in Ref. 7 . The dynamics is wanted to lead toq(t * ) = (0, . . . , 0, v 1 ), meaning that the same momentum is present at the opposite end. In this case, Eq. (15) yieldṡ
and it follows that the relevant ratioq N (t)/v 1 = α N (t) between the transmitted and the initial momentum is given by the same transmission amplitude (18) . If the chain is free, K 01 = 0, then by momentum conservation the chain's center of mass uniformly translates with velocity V = P 1 /M , with M = i m i and
√ m 1 ; if transmission is perfect, then the elastic energy is again zero at time t * , so all spacings must be preserved, and the final configuration is shifted by δQ = V t * . In Eq. (15) this translation is accounted for by the zero-frequency mode. Figure 1 shows a possible realization of a mass-spring cradle, involving two auxiliary masses that periodically transmit/receive momentum by hard-sphere collision with the chain extrema; the mass on the right is a distance δQ apart. In the case of N = 4 masses transmission can be perfect, as shown in the next subsection. The following sections are devoted to the maximization of the transmission amplitude (18) by optimizing the values of the parameters (x, y, z). These optimal values correspond to the extremal masses and springs that yield almost-perfect transmission also for large N .
C. Perfect transmission for small N Within the model (8) the chain can yield ideal transmission if the masses are less than five. Indeed, for isolated chains (K 01 =0) with three or four masses the free parameters can be set such as to yield equally spaced frequencies [12] . The same result can be obtained for N = 5 by allowing for a third free parameter, i.e., releasing the constraint A 22 = 0, equivalent to the second of the relations (9) . Longer chains can be made "perfect" by allowing for more parameters: Of course, such "engineered" chains are not uniform. Note that for perfect chains any initial configuration evolves to itself after the period 2π/δω, where δω is the frequency spacing; if the chain is mirror symmetric, then after a half period π/δω the perfectly reflected configuration is attained.
For N = 3 the three masses are (m 1 , 1, m 1 ) and the two spring constants are (1, 1); there is only one adjustable parameter, m 1 . The interaction matrix is
corresponding to the notation (9) with y = 1. The eigenvalues of B are solutions of
so the eigenvalues are µ 1 = 0, µ 2 = x 2 , µ 3 = 2+x 2 , and the eigenfrequencies ω n = √ µ n are equally spaced if
2 , that has the solution x 2 = 2/3. So three masses with two identical springs show perfect transmission when
namely the mass sequence is ∝ (3, 2, 3). The frequency spacing is ω 1 = 2/3 and the arrival time is t 3 = π/ω 1 = 3/2 π 3.848.
For N = 4 the sequence of masses is (m 1 , m 2 , m 2 , m 1 ), connected by the spring constants (K 12 , 1, K 12 ), so the interaction matrix is
where w ≡ x 2 /(2−y 2 ); it is convenient to set r ≡ 2−y 2 , so x 2 = wr. The secular equation, 0 = det(λ − B), is easily worked out and reads
the eigenvalues of B are given, in the increasing order µ 1 < µ 2 < µ 3 < µ 4 , by
In order that the frequencies ω n = √ µ n be equally spaced one has to require µ n = (n−1) 2 µ 2 , giving
which in terms of the parameters r and w reduce to the linear system 3w + 7r = 8 ,
The solution is r = 10/11 and w = 6/11, hence y 2 = 12/11 and x = √ 60/11, so the 4-mass perfectly transmitting chain must have
Basically, the mass sequence has to be ∝ (5, 3, 3, 5) and the spring sequence ∝ (5, 6, 5). The frequency spacing is
, which entails the arrival time
Also for N = 5 a perfect solution is known:
It is reported in Ref. 12 without proof (here given in Appendix A); the frequencies are ω n = (n−1)/ √ 5 for n = 1, ..., 5, and entail the arrival time t 5 = √ 5π 7.025. However, this solution does not belong to the constrained model (8) considered in this paper in order to deal with the quasiuniform matrix (7).
III. ANALYTIC APPROACH A. Characteristic polynomial and phase shifts
The N th-degree characteristic polynomial associated with the N ×N matrix A [Eq. (7)] is given by
by expanding it in the last column, one finds
where ξ N is the characteristic polynomial of the matrix with only one nonuniform endpoint,
The same kind of expansion in the first column gives a similar relation,
in terms of the characteristic polynomials
of the fully uniform matrices A N (1, 1, 0), which correspond to the uniform-bounded chain. These polynomials are well-known in the literature, as their roots can be obtained in a simple way: By column expansion one has the recursion relation
which, using the initial conditions η 0 = 1 and η 1 = λ, can be solved in terms of Chebyshev polynomials of the second kind: Using, in the place of λ, the real variable
they can be synthetically expressed as
Hence, for the uniform-bounded chain, that has the secular equation η N (λ) = 0, the N eigenvalues correspond to the following values of k:
Note that, keeping the notation (38), in terms of the pseudo wavevector k the system frequencies (13) read
For k 1 (i.e., n N ) they are almost linear in k and equally spaced in n, i.e., ω k k ∝ n, meaning that wave packets with main components in the small-k zone travel with low dispersion along the chain. This corresponds to the continuum limit, namely the elastic string. In order to work out Eq. (33) one first uses Eq. (35)
and then by Eq. (39),
where
is a complex variable whose dependence on k can be made fully explicit using Eq. (38),
Equation (42) yields a compact expression of the secular equation, χ N (k) = 0. For instance, in the uniformbounded case it is u k = 1, so its solution (40) is immediate. Setting
the secular equation reads e i[(N +1)k−2ϕ k ] = 0, so that the eigenvalues λ n = 2 cos k n correspond to those values of k = k n such that (N +1)k − 2ϕ k = π n and are given as corrections to the uniform-bounded values, Eq. (40), due to the phase shifts ϕ k ,
By the way, this determines the sign of the real quantity in braces in Eq. (42),
Note that there is a one-to-one correspondence between the N allowed values {k n } and the indices n = 1, . . . , N , so it is unambiguous to use the index k in the place of n, as mostly done in the following. B. The mode density has to be peaked at k = 0
The mode density (19) is calculated in Appendix B, where it is shown that a compact expression can be worked out, namely:
In the uniform-bounded limit, where u k → 1 and ϕ k → 0, this agrees with the known result. After the discussion of Sec. II B, it is clear that a high transmission amplitude can be obtained only if the normal modes selected by P k , lie in a zone where the frequencies (41) are almost equally spaced. This happens in the "linear region" around k = 0, meaning that the parameters (x, y, z) have to be chosen such that P k be peaked around k = 0. Due to the sine function in Eq. (48), for P k=0 to be at least finite it must be u k=0 = 0, i.e.,
To satisfy this it is natural to keep x and y as free parameters, while fixing the value of z,
Note that the second of Eqs. (9) tells that this implies K 01 = 0 : The chain ends do not interact with the walls. In other words, it has been found that a requisite for coherent pulse propagation is that the spring-mass chain be isolated. From now on the condition (50) is assumed to hold. As (44) shows that u k is a polynomial in e −ik , one can extract from u k the factor (1−e −ik ), obtaining
with
(52) where the new parameter
here introduced for brevity, will be useful in the following.
C. Phase shifts for the free chain
The case x = y =1 with the choice (50) is to be understood as the uniform-free limit, since z(1, 1)=1. This means thatũ k = 1 and Eq. (51) tells that the phase shifts (45) are ϕ k = (k−π)/2. From Eq. (46) the allowed values of k take the equally spaced values
these include the Goldstone mode k 1 = 0 with frequency ω 1 = 0, i.e., the translation mode expected for the isolated chain. As observed in the previous subsection, being ω k k for k 1, a situation close to that of perfect transmission, Eq. (20), would arise if the mode density selected only low-k modes: Indeed, in Eq. (18) the phases would be
Actually this is not the case, since in the uniform-free case the density (48) is peaked in zero, indeed, but consists in a too broad distribution [13] ,
the purpose is to vary the parameters x and y in such a way to deform this density and make it narrower; however, shrinking P k too much would definitely be disadvantageous, because the phase shifts change with x and y and the spacings between eigenvalues are deformed by Eq. (46). Therefore, one expects that an optimal compromise will maximize the transmission amplitude at some arrival time.
The phase ψ k ofũ
turns out to give the phase-shift correction to the uniform-free solution (54): Indeed Eq. (51) gives ψ k ≡ (k−π)/2 − ϕ k , and Eq. (46) becomes
The Goldstone mode k 1 = 0 is preserved, sinceũ k=0 is real and the corresponding phase shift vanishes, ψ k1 = 0. In the following it will appear to be useful to define, besides the variable w, Eq. (53), a further variable r,
so that w and r can be used in the place of x and y; indeed, it will be proven later that the optimal values of both r and w decrease as a negative power of N . Note that the uniform limit corresponds to r = w = 1. In Appendix C the dependence of the mode density on w and r is worked out and made explicit in Eq. (C9). By means of it and using the frequencies (41) the transmission amplitude Eq. (18) is given by
where the discrete pseudo wavevectors {k n } are the solutions of Eq. (58). In the following sections these formulas are used for setting up a numerical approach in order to calculate the optimal values of the parameters x * and y * which yield at some time t * the maximum attainable transmission amplitude α * . In addition the asymptotic behaviors in the limit of large N will be exactly derived.
IV. OPTIMIZING ONE MASS
In this section the simpler case when y = 1 (i.e., r = 1 and w = x 2 ) is considered, which, by Eqs. (9), corresponds to the mass-spring chain with all spring constants and all masses equal, except for the first and the last masses,
A. Mode density and phase shifts
Setting r = 1 and w = x 2 in Eq. (C9), the density becomes a pseudo-Lorentzian [13] peaked at k = 0 ,
with the parameter
characterizing the distribution width. A convenient expression for the phase shifts defined in Eq. (57) is found using Eq. (52),
so
inserting in Eq. (58) the set {k n } corresponding to the normal modes is obtained. Note that ψ k increases with k, which means that the k n 's (n > 1) get a negative correction with respect to the free case and the frequency spacings decrease. Taking the derivative of ψ k ,
the mode density can be written in fully explicit way,
Its exact normalization is a nontrivial outcome that can be numerically verified, while for N → ∞ this agrees with an analytic result [14] .
B. Frequency spacings and group velocity
From the expression of P k obtained above, the purpose of making P k narrower can be easily achieved by decreasing ∆, namely choosing m 1 larger than the other masses.
However, as mentioned in Sec. III C, this also affects the phase shifts ψ k and the spacings between frequencies. In order to appreciate this effect, one is led to look at (an analog of) the group velocity (lattice spacings per time unit),
which is indeed proportional to the spacing between subsequent values ω n : The more constant is v k , the more likely is that the initial pulse propagate coherently. In order to highlight the full dependence of v k on k, note that from (58) one has (N +2ψ k ) ∂ n k = π, so
This expression suggests a strategy to improve the transmission, since one could make v k flatter by a proper choice of a small ∆; then, Eq. (66) can be expanded,
and also the group velocity
Here
represents the end-to-end arrival time: Indeed, an excitation traveling with the velocity v k=0 = N/t * would cover the distance of N lattice spacings in a time t * ; in the uniform limit v 0 = 1 and t * = N : The correction to this value is the delay and is positive since ∆ < 1. To make v k flat, an obvious choice is to cancel all quadratic terms in k imposing for ∆ the condition
This choice makes the group velocity almost constant in a rather wide k-interval, but such a criterion could work only if the involved modes, as weighted by P k , mainly lie in this flat region. The first panel of Fig. 2 (N = 50) shows that this is not the case: While v k becomes particularly flat for the value that satisfies Eq. (73), ∆ 0.30, still the width of P k is too large and involves many modes with different group velocities. Therefore, a sharper distribution must perform better, in spite of the more deformed group velocity. Figure 2 illustrates the conflict between the two effects, shrinking of P k and deformation of v k . What is to be learned here is that one would like to optimize two effects, which is hard when having only one free parameter: Two free parameters are expected to yield better results, as is shown in Sec. V. In any case, Eq. (73) yields the large-N behavior
a scaling that turns out to be correct, though with different prefactors. Table I .
C. Transmission amplitude for large N
The transmission amplitude at the time t is given by Eq. (18); using the frequencies (41), in the large-N limit one can write the sum as an integral,
with k n given by Eq. (58), which implies
so that
Writing the arrival time as t = N + s, where s is the arrival delay, and setting k = 2q,
(78) As by increasing N the distribution gets narrower and narrower (∆ ∼ N −1/3 ), it is convenient to make the substitution q = ∆ ξ to an integration variable ξ of the order of unity and then expand in ∆ keeping all leading terms:
It is then natural to define rescaled counterparts of the arrival time t N and of the delay s ∼ N 1/3 ,
Optimizing ∆ is now converted into optimizing τ , i.e., the coefficient of the asymptotic scaling law for ∆ vs. t N . The final asymptotic expression is
Using the variable ζ = tan −1 ξ , such that dξ = (1+ξ 2 ) dζ, the integral becomes a summation of phase factors,
and it is evident that the largest amplitude corresponds to the parameters that minimize the phase, namely the argument of the cosine. 
hence, by Eqs. (63) and (61), the variable x and the corresponding extremal mass m 1 scale as
FIG. 3:
Minimal transmission loss δ * ≡ 1−α * reported vs. N for the three cases: the uniform chain (green triangles), the chain with optimization of one mass m1 (Sec. IV, blue squares), and that with optimization of two masses and their spring, m1, m2, and K12 (Sec. V, red circles). The asymptotic limits are 1, 0.1531, and 0.01285, respectively. Open symbols are enlargements of the last two cases; the curves are splines. The fully uniform chain is evidently very dispersive, while the optimization of few parameters proves to enormously enhance the quality of transmission: Even in the limit of a (frictionless) infinite chain it is possible to efficiently transmit a pulse.
D. Numerical results for finite N
The numerical results have been obtained by a code that, for given N and x, first evaluates and stores the set {k n } from Eqs. (58) and (65) by an iterative algorithm, and then uses the density (67) to compute the amplitude α(s, x), Eq. (60), at different time delays s ≡ t − N finding the maximal α * [s * (x), x]; then an outer loop varies x until finding the best among these maxima, α * [s * (x * ), x * ], so identifying the optimal x * and related delay s * (x * ). The outcomes for a choice of finite values of N are reported in Table I and illustrated in Figs. 3, 4 and 5. There, the optimal amplitude loss δ * = 1 − α * , which tends to zero in the case of perfect transmission, is reported in the place of α * : The loss increases with N and reaches the asymptotic value δ * ∞ = 0.153098 according to the above calculation. The last column of Table I is the amplitude loss for the fully uniform chain (x = 1), also shown in Fig. 3 : It appears that the bare modulation of the extremal masses yields an enormous improvement for any N . For instance, in a 20-mass chain the loss can be reduced from 31% to 4.4%.
V. OPTIMIZING TWO MASSES AND THEIR SPRING
A. Transmission amplitude for large N It will be justified at the end of this section that to attain maximal transmission, at least in the large-N limit, 1), are reported for the two cases, namely, the chain of Sec. IV, for which m2 = 1 and K12 = 1 (blue squares), and that of Sec. V (red circles). The curves are the large-N asymptotics of Eqs. (85) and (102).
the denominator of the mode density (C9) must be quartic, namely of the type of Eq. (89) below. To satisfy this assumption one has to impose, between the parameters r and w, the following constraint:
Looking for w(r) satisfying Eq. (86), one finds
the first expression being useful for the numerics, the second for expanding: For small r it gives w = r 2 8 (1 + r + . . . ) and the fact that x 2 = rw r 3 /8 suggests that for large N the optimal values of r and w(r) tend to zero. Accounting for the choice (86) one can simplify the denominator of the distribution (C9) and write it as
where w = w(r) as given as in Eq. (87) and k = 2q. This density can be expanded, taking into account Eq. (87), and the relevant terms are
where the half-width at half maximum is now defined as
Proceeding as in Sec. IV C, the large-N transition amplitude can then be transformed into the integral 
which replaces the second of Eqs. (79) and here again q = ∆ξ. Using the rescaled variables (80) gives
It is again convenient, for the numerical evaluation, to perform the substitution ξ = tan ζ , so
the same integral appears, though in a different context, in Ref. can be attained. In order to give an idea of the kind of integral one is dealing with, Fig. 6 reports the integrand of Eq. (95) for the values which eliminate first and third order terms of θ(ζ), namely σ = 2 3/2 and τ = 2 3/2 /3, and for those values which yield the global maximum. The (algebraic) area below the curves is just α ∞ (τ, σ). It is clear that the main point is in avoiding for as long as possible the onset of the rapid oscillations rather than setting the phase close to zero for small ζ. It turns out that for any fixed σ, α ∞ (τ, σ) has a maximum, i.e., the loss δ ∞ (τ, σ) = 1−α ∞ (τ, σ) reported in Fig. 7 has a minimum at τ = τ m (σ). Repeating for different σ one can find that the overall minimum of δ ∞ σ, τ m (σ) is
corresponding to the asymptotic transmission amplitude
and occurs when
as expected, using two adjustable parameters in the place of one strongly improved the transmission found in Sec. IV C. The scaling of Eq. (80) tells that asymptotically
The optimal values of the parameters r and w behave as
entailing that
For the optimal masses and spring, Eq. (9), one finds
Therefore, the best transmitting chain has a larger first mass, while the second is about one half the bulk ones, and the spring connecting them has to be weak, inversely proportional to m 1 . The above asymptotic behaviors are reported in Figs. 3, 4 and 5. Note that without the assumption (86) the density denominator would have a quadratic term and the dominant part, Eq. (89), would have the same form of the preceding section, leading to a similar asymptotic integral and to a much worse limit of the transmission amplitude: This justifies the elimination of the k 2 -terms by means of the constraint (87), as also confirmed by the numerical results presented below.
B. Numerical results for finite N
The optimal values of r and w which maximize the transmission amplitude have been numerically evaluated for different values of N , as reported in Table II . Note that for each pair (r, w) the algorithm has first to evaluate the allowed k n , which is done for each n by iterating Eq. (58) starting from the estimate k n = π(n−1)/N and using the expression (C2) for the shift ψ k ; then, the maximum of α N (t), Eq. (18), is found by scanning on the arrival delay s = t−N and taking the maximal value α N (N +s). By studying these values on the (r, w) plane (i.e., the numerical code contains three nested loops for s, w, and r, respectively) the optimized transmission maximum α * (N +s * ) corresponding to the values r * and w * has been found. The numerical outcomes shown in Fig 8 confirm the conjecture that w * approaches, for large N , the value w(r * ) which makes the mode density quartic. The corresponding transmission loss is reported in Fig. 3 : At variance with the monotonic increase with N found in the preceding section, the transmission loss displays maximum δ * 0.0157 at about N 60, followed by a decrease towards the asymptotic value. The related parameters x * and y * , as well as those of the two masses and spring are shown in Figs. 4 and 5, respectively.
In Fig. 9 the shapes of the optimal mode density for N = 20 and N = 100 can be compared with the exact frequency spacings δω n = ω n − ω n−1 , explaining the basic mechanism of coherence: Lowering r shrinks the density involving smaller-k modes, but also deforms the frequency spacings, and there is a best compromise between the two effects. Note that N δω n /π corresponds to the "group velocity" (71), whose value for the uniform chain is reported as a dashed line.
VI. CONCLUSIONS
Highly efficient pulse transmission over a uniform discrete elastic system, modelized as a chain of N masses connected by springs, has been shown to be possible irrespectively of N just by symmetrically modifying, at both chain ends, two masses and the spring between them. This result is far from trivial, since the dynamics of such a chain is almost invariably affected by strong dispersion. The main point is in the analysis of the normal modes which are excited by the initial pulse: Their frequencies are made almost equally spaced, yielding coherent transmission, by suitably tuning two free parameters.
A pulse starting from an end of such an elastic chain . Since the mode density has tiny tails, only modes with almost equally spaced frequencies are involved in the dynamics. can bounce back and forth several times before being "absorbed" by dispersion. This suggests the possibility of creating a mechanical toy similar but alternative to the Newton cradle, e.g., like that depicted in Fig. 1 . Its behavior would be somewhat bizarre due to the large duration of the bounces, of the order of N m/K (where m and K are the bulk masses and elastic constants), as it would work also for a long spring-mass chain.
The array of electric LC circuits depicted in Fig. 10 can also be described by the Hamiltonian (1), with capacitors and inductors replacing springs and masses, respectively, i.e., setting
the role of the coordinate is played by the charge Q i flowing in each loop yielding the current I i =Q i . For instance, a current pulse given, e.g., by an external inductive coupling to L 1 , would travel back and forth through the electric array, provided the extremal inductances and capacitances are suitably tuned, while having the bulk uniform values L and C. The time scale is √ LC and the end-to-end time travel is about N times larger. Other, more useful, applications can exploit the capability of transferring a concentrated amount of energy between the chain ends; for instance, one can imagine a wall, constituted of an array of elastically coupled layers, that could efficiently transmit heath or sound. The same idea can be transferred to the nanoscale [16, 17] , for instance, to atomic chains [7] or multilayers. For instance, ballistic phonon transport could be engineered leading to different behavior, e.g., of the thermal conductance. Finally, it is a suggestive idea that the same simple mechanism be able to explain some features of energy transport in biological structures.
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and one actually has three free parameters, since w(t−y 2 ) = x 2 . This is more general than the model (8), which assumes t = 2. To proceed, it is convenient to set r ≡ t−y 2 , so x 2 = wr. Calculated by expanding in the middle row or column, the determinant giving the secular equation is obtained in factorized form,
the eigenvalues {µ n , n = 1, ..., 5} are in increasing order and to obtain equally spaced frequencies ω n = √ µ n one imposes µ n = (n−1) 2 u, which entails
(A5) and also The mode density (19) is given by the square components of the first column of the orthogonal diagonalizing matrix U ki . For this quantity Parlett reports a very useful formula (Corollary 7.9.1 of Ref. 18 ), namely
where χ 2:N (k) is the first minor of the determinant (32) and k is a root of the characteristic polynomial, χ N (k) = 0. The minor coincides with the part that multiplies (λ−z) in Eq. (33), 
By deriving Eq. (42) with respect to k one has
the secular equation entails that the argument of is real and can be omitted; then,
The Parlett formula (B1) becomes
comparing Eqs. (43) and (B4) one has
and it follows
This yields Eq. (48). Note that
implies the identity
so the density can also be written in the alternative form
Appendix C: Explicit expression of P k From Eq. (52) one writes the real and imaginary parts
(C1) and since [19] 
it follows that
An expression analogous to Eq. (B11) holds for ψ k ,
while Eq. (51) entails |u k | 2 = 4 sin 2 k 2 |ũ k | 2 ; eventually, the density (48) turns into
Setting k ≡ 2 q and using the identities cos 3q = cos q (1 − 4 sin 2 q) ,
one has 
from this one can work out the square modulus needed to calculate Eq. (C5),
Eventually, from Eq. (C5),
The first term halves the value of P 0 and is needed to restore the correct distribution. The reason for it can be more easily understood in the uniform limit w = r = 1, where one obtains the density (56), but with the correct value for k = 0 being P 0 = 1 N . Indeed, an accurate derivation of the free-chain limit z → 1 − gives for the lowest k-mode the shift ψ k1 − (1−z)/k 1 , and by Eq. (58) one has k 1 2(1−z)/N → 0; therefore, all shifts and their derivatives ψ k tend to zero, but with the exception of a finite limit for 2ψ k1 2(1−z)/k TABLE II: Quasiuniform chain: Numerical optimization of the two extremal masses, m1 = mN and m2 = mN−1, and of the spring in between K12 = KN−1,N , considered in Sec. V. For different N the reported quantities are the optimal parameters r * and w * which minimize the transmission loss δ * (r, w) ≡ 1−α * (r, w), and the associated time delay s * ≡ t * − N . The last three columns report the corresponding optimal masses and elastic constant, Eq. (102). Note that for N = 3 and N = 4 perfect transmission is found, in agreement with Sec. II C. 
